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The purpose of this work is to describe an abstract theory of Hardy-Sobolev spaces on 
doubling Riemannian manifolds via an atomic decomposition. We study the real interpolation 
of these spaces with Sobolev spaces and finally give applications to Riesz inequalities. 
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The aim of the present work is to define atomic Hardy-Sobolev spaces and interpolate them 
with Sobolev spaces on Riemannian manifolds. 

One of the motivations is our Sobolev interpolation result |10j . |llj in different geometric frames, 
under the doubling property and Poincare inequalities. After this result, it is interesting to 
consider a "nice" subspace of W 1,1 - as is the Hardy space for L 1 - and study the interpolation 
of this space with Sobolev spaces. Apart from the interpolation itself, the use of the Hardy- 
Sobolev spaces that we construct gives strong boundedness of some linear operators instead of 
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the weak boundedness on W ' . For instance this is the case of the square root of the Laplace- 
Beltrami operator A 1 / 2 . 

Another motivation responds to the recent improvements on the theory of Hardy spaces. In 
the last years, many works were related to the study of specific Hardy spaces defined according 
to a particular operator (Riesz transforms, Maximal regularity operator, Calderon-Zygmund 
operators, ... [151 EH (2U [251 HSU EH El])- Mainly one of the most interesting questions in this 
theory is the interpolation of these spaces with Lebesgue spaces in order to prove boundedness 
of some operators. 

Although the theory of Hardy spaces is now well developed, the more recent theory of Hardy- 
Sobolev spaces is still not unified. 

Before we state our results, let us briefly review the existing literature related to this subject. 

The Hardy-Sobolev spaces were studied by many authors in the Euclidean case. We mention 
R. Strichartz [55] . Related works are [9], [31], p2], [33]. They deal with "classical" Hardy- 
Sobolev spaces HS 1 on M. n , which correspond to the Sobolev version of the Coifman- Weiss 
Hardy space -ff^^IR™) : HS 1 is the set of functions / G H^ w such that each partial derivative 
of / belongs to H^, w . Some of them consider the homogeneous version of HS 1 and others only 
assume / G L 1 instead of / G H^, w . 

We recall that R. Coifman proved an atomic decomposition for the classical Hardy space Hq w , 
which can be defined by maximal functions (see |26j). In the Euclidean case, the question of 
atomic decomposition for the homogeneous space HS was treated in [36J and [19]. However, in 
the non-Euclidean case this issue is still not clear. In contrast, our idea is to introduce atomic 
Hardy-Sobolev spaces for which we can prove real interpolation with Sobolev spaces. Then we 
are able to derive the interpolation of HS 1 with Sobolev spaces. 

Let us now summarize the content of this paper. We refer the reader to the corresponding 
sections for definitions and properties of the spaces and operators that we use in the statements. 

In the second part of Section 2, we define atomic Hardy-Sobolev spaces ato for 1 < /3 < oo. 

They correspond to the Sobolev version of the atomic Coifman- Weiss Hardy space H^ w (defined 
by atomic decomposition with W-^-atoms). We compare these spaces for different j3 in the 
following theorem: 

Theorem 0.1 Let M be a complete Riemannian manifold satisfying (D) and admitting a Poincare 
inequality (P q ) for some q > 1. Then HS}^ ato C HSl^^ for every (3 > q and therefore 

HS (/3 1 ),ato = HS (P2),ato f 0T eVer V £ °°] ' 

For the real interpolation of these spaces with Sobolev spaces, we obtain 

Theorem 0.2 Let M be a complete Riemannian manifold satisfying {D) and (P q ), for some 
q G (1, oo). Let r G (1, oo], s G (q, oo], p G (q, s) and 9 G (0, 1) satisfying ~ = (1 — 9) + ^. Then 

W l « = (HSl^W 1 '*)^ = {HS\W^) ep 

with equivalent norms. 

We also prove the homogeneous version of theses two theorems: 
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Theorem 0.3 Let M be a complete Riemannian manifold satisfying (D) and a Poincare in- 
equality (P q ) for some q > 1. Then HS)p\ ato C •ff<S , ( o0 w for every (3 > q and therefore 

#%i),ato = HS\f3 2 ),ato f° r ever y Pl'fa e [?>°°]- 

Theorem 0.4 Lei M be a complete Riemannian manifold satisfying (D) and (Pq), for some 
1 < q < oo. Let r G (1, oo], s G (9,00] and p G (<?, s) arcd G (0,1) satisfying | = (1 — 0) + |. 
T/ten 



wi/i equivalent norms. 



In the first part of section 2, given a collection of uniformly bounded operators on W 1 ^: B : = 
(Bq)q^q , we define abstract atomic Hardy-Sobolev spaces HW^ to . For theses spaces, we obtain 
in section 3 the following two interpolation results. 

Theorem 0.5 Let M be a Riemannian manifold satisfying (D). Let a G (1, 00] and pq such 
that a' < po < (3. Let B := (Bq)q & q be a collection of uniformly bounded operators on W l, P 
satisfying 

^(Q)1/«t W f ~ B Q^Ww-^(Q) ~ M wl/0- (1) 

Let T be a bounded linear operator from W 1,Po to LP and from HWp ato to L 1 . Then for every 
p G (o-',po) such that (J3',jJ) G Im, there is a constant c = c(p) such that for all function 
f G W 1 * n W 1 * 

\\T(f)\\ LP < C \\f\\ m , P . 
Consequently, T admits a continuous extension from W ,p to L p . 

Theorem 0.6 Let M be a Riemannian manifold satisfying (D) and of infinite measure fi(M) = 
00. Assume that the finite Hardy-Sobolev space is contained in W ,x : 

HW^ato ^ W 1 ' 1 

and that B satisfies |7]J. Let a G (1, 00] and po satisfying a' < po < (3. Then for every 6 G (0, 1) 
such that 

i:=(l-*) + !<I 
Pe Po <r 

and (/3',p' e ) G 1m, we have 

[awl^w^) eve = w^\ 

with equivalent norms. 

Finally, the following theorem is an application of our result. It is proved in section 4 and applies 
to AV2. 

Theorem 0.7 Let M be a complete Riemannian manifold satisfying (D). 

1. Assume that a Poincare inequality (P\) holds. Let T be a bounded linear operator from 
W 1 ' 2 to L 2 and associated to a kernel satisfying 



sup sup rQ / \K(x,y) — K(x, z)\ d/j,(x) < 00. 

Q ball y,zeQ J M\4Q 



ball y,zeQ J M\4Q 
Then T admits a unique extension from HS^ 2 ) a to ^° L 1 ■ 
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2. Assume that a Poincare inequality (P2) holds. Let T be a bounded linear operator from 
W 1,2 to L? and associated to a kernel satisfying |Q|). 
Then T admits a unique extension from HS^ ato to L 1 . 



Remark 0.8 Thanks to Theorem \0.1l in item 1. of Theorem \0. 7\ T is then bounded from 

HS(j3),ato t° L 1 for all ft G (l,oo]. In item 2., T is then bounded from HSip) a to *° ^ f or a ^ 

pe[2,oo]. 

Consequently 



Corollary 0.9 1-Let T be as in item 1. of Theorem 0.1. Assume that a Poincare inequality 
(Pi) holds. Then for all p G (1, 2], the operator T admits a continuous extension from W 1,p to 
LP. 



2-Let T be as in item 2. of Theorem 0.1. Assume that a Poincare inequality (P q ) holds for some 
q G (1,2). Then for all p G (q,2\, the operator T admits a continuous extension from W 1,p to 
L p . 



We apply these last two theorems to the square root of the positive Laplace-Beltrami operator 
A 1 / 2 . In [4J, P. Auscher and T. Coulhon proved that under the doubling property (D) and a 
Poincare inequality (P q ) for some q G [1,2), (RR P ) (which is equivalent to the boundedness of 
A 1 / 2 from W 1,p to LP) holds for every q < p < 2. Moreover, A 1//2 satisfies a weak type inequality 
(RR qw ) ((RR P ) also holds in this case for 2 < p < 00). Applying Theorem 10.71 we show that 
under (D) and (Pi) (resp. (P2) ) we have a strong (RR\) (resp. (nhRR\)) inequality for 
functions in the homogeneous (resp. non-homogeneous) atomic Hardy-Sobolev space HS^^ ato 
(resp. HS l WMo ). 

We finish this introduction with a plan of the paper. In section 1, we recall some definitions and 
properties that we need. We define abstract Hardy-Sobolev spaces via atomic decomposition in 
the first part of section 2. In the second part we study particular atomic Hardy-Sobolev spaces 
HS}m ato i n more detail and prove Theorem 10.11 . We also prove that under Poincare inequality, 
these spaces are a particular case of the abstract Hardy-Sobolev spaces that we defined in the 
first part. Section [3] is devoted to the proof of the interpolation results in Theorems 10.21 and 
10.41 using a "Calderon-Zygmund" decomposition well adapted to the spaces HS^ ato . For the 
interpolation of the abstract Hardy-Sobolev spaces in Theorem 10.51 our method is based on the 
new maximal inequality described in [18] . Finally, the proof of Theorem 10.71 and the application 
to A 1 / 2 are given in section 0J 



Acknowledgements: The two authors thank E. Russ for his interest and the discussions they 
had with him on this subject. The first author would also like to thank F. Ricci for his hospitality 
during her visit to the Scuola Normale di Pisa and for proposing her a part of this topic. 

1 Preliminaries 

Throughout this paper we will denote by 1e the characteristic function of a set E and E c the 
complement of E. If X is a metric space, Lip will be the set of real Lipschitz functions on X 
and Lipo the set of real, compactly supported Lipschitz functions on X. We denote by Q(x,r) 
the open ball of center x £ X and radius r > and XQ denotes the ball co-centered with Q and 
with radius A times that of Q. Finally, C will be a constant that may change from an inequality 
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to another and we will use u < v to say that there exists two constants C such that u < Cv and 
u — v to say that u<v and v < u. 

In all this paper M denotes a Riemannian manifold. We write a for the Riemannian measure 
on M, V for the Riemannian gradient, | • | for the length on the tangent space (forgetting the 
subscript x for simplicity) and || • \\jj> for the norm on LP := L p (M,n), 1 < p < +00. 
We will use the positive Laplace-Beltrami operator A defined by 

V/,5GC(M), (A/,«7) = (V/,V<7>. 



1.1 The doubling property 

Definition 1.1 Let M be a Riemannian manifold. One says that M satisfies the (global) dou- 
bling property {D) if there exists a constant C > 0, such that for all x G M, r > we have 

u(Q(x,2r))<Cu(Q(x,r)). (D) 

Observe that if M satisfies (D) then 

diam(M) < 00 o a(M) < 00 (see PQ). 

Therefore if M is a complete non-compact Riemannian manifold satisfying {D) then n(M) = 00. 

Theorem 1.2 (Maximal theorem) (]20$) Let M be a Riemannian manifold satisfying (D). 
Denote by M. the uncentered Hardy-Littlewood maximal function over open balls of M defined 
by 

Mf(x) := sup |/|q 

Q ball 

where fE '■= J- fdfi := / fdfi. Then for every p G (l,ool ; M. is L p bounded and moreover 

Je M^) Je 

of weak type (1, ljj. 

Consequently for s £ (0,oo) ; the operator M. s defined by 

M s f{x) := [M(\f\ s )(x)] 1/S 
is of weak type (s, s) and L p bounded for all p G (s, 00]. 



1.2 Poincare inequality 

Definition 1.3 (Poincare inequality on M) We say that a complete Riemannian manifold 
M admits a Poincare inequality (P q ) for some q G [l,oo) if there exists a constant C > 
such that, for every function f G Lip (Af]j and every ball Q of M of radius r > 0, we have 

(f\f- f Q \ q d^j <Cr(J- WfVdt^j 1/<? . (P q ) 

Remark 1.4 By density of Cq°(M) in Lipo(M), we can replace Lip (M) by Cg°(M). 

Let us recall some known facts about Poincare inequalities with varying q. 
It is known that (P q ) implies (P p ) when p > q (see |28j). Thus if the set of q such that (P q ) 
holds is not empty, then it is an interval unbounded on the right. A recent result of S. Keith 
and X. Zhong (see [30]) asserts that this interval is open in [1, +00 [ : 

1 An operator T is of weak type (p,p) if there is C > such that for any a > 0, (i({x; \Tf(x)\ > a}) < ^ ||/||p- 
2 compaclty supported Lipshitz function defined on M. 
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Theorem 1.5 Let (X,d,/i) be a complete metric-measure space with [i doubling and admitting 
a Poincare inequality (P q ), for some 1 < q < oo. Then there exists e > such that (X,d,/J,) 
admits (P p ) for every p > q — e. 

A consequence of Poincare inequality: 

Proposition 1.6 Assume that M satisfies (D) and admits a Poincare inequality (P p ) for some 
p G [l,oo). Then there is a constant c = c(p) such that for all balls Q (of radius rgj and all 
functions f G (Q) 



i/p 



This result is well-known. However for an easy reference and for the sake of completeness, we 
remember the proof based on the self-improvement of Poincare inequality. We refer the reader 
to Theorem 5.3.3 of [35] for an initial proof (the proof there applies also for p = 1). 

Proof : We first prove that for all x G Q, y G 3Q \ 2Q 

\f(x)-f(y)\<r Q M p - € (\Vf\)(x). (3) 
Using Hardy-Littlewood Theorem, we have 

fix) = lim/ Q(a . ie ). 

With the balls Qi := Q(x, 2Vq), we also have 

I/O) - fQ 1 \<Yl \f<)i - fQi+i\- 

i<0 

Thanks to Theorem 1 1.5[) . the Poincare inequality (P p ) self improves to (P p - € ) for a certain e > 0. 
Using this Poincare inequality and the doubling property one obtains 



\f(x)-fQ 4 \< \fQi~fQ i+1 \ 

i=—oo 

%jk) l Q } ! ~ hid » 



i 

p-e 



<^2-V Q X p _ £ (|V/|)(x) 

<r Q M p - e (\Vf\)(x). 

Similarly we have with Qi := Q(y, 2Vq) 

f(y)-fQ 3 \<r Q M p - e (\Vf\)(y). 

However since y G 3Q \ 2Q and / is supported in Q, we have M. p - e {\V f\){y) < Ai p - e (\V f\)(x). 
Then we just have to control the difference of means. The Poincare inequality (P p ) and Q3 C Q4 
yield 
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Thus we proved ^j. Then using the fact that f(y) = due to the support of /, we obtain 
1 



fdfi 



~W)S lf{x) " f{y)l Mx) ~ tqKQ) ~ 1/p 11^(^/1)11, 



Finally the L p -boundedness of M. p - e concludes the proof. □ 
1.3 The ^-method of real interpolation 

The reader can refer to [12], [13] for details on the development of this theory. Here we only 
recall the essentials to be used in the sequel. 

Let Aq, A\ be two normed vector spaces embedded in a topological Hausdorff vector space V. 
For each a E Aq + A\ and t > 0, we define the K-functional of real interpolation by 

K(a,t,A ,A 1 )= inf (||a |U + £|K|Ui)- 

a=aQ-\-ai 

For < < 1, 1 < q < oo, we denote by (Ao,Ai)g !q the real interpolation space between Aq 
and A\ defined as 

(A ,A 1 )e, q = jaG + : \\a\\e, q = {r e K(a, t, Aq, A^f j^" < ooj . 

It is an exact interpolation space of exponent 9 between Aq and A\ (see [13J, Chapter II). 

Definition 1.7 Let f be a measurable function on a measure space (X,fj,). The decreasing 
rearrangement of f is the function f* defined for every t > by 

f*(t)= inf {A: fi({x: \f(x)\ > A}) < t} . 

The maximal decreasing rearrangement of f is the function /** defined for every t > by 
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/"(*) = 7 / f*(s)ds. 

1 Jo 

From the properties of /** we mention: 

1. (f+gy*<r*+g**- 

2. (Mf)* ~ /**. 

3. M ({x; >/*(*)})<*• 

4. VKp<oo, \\f\\p. 

We exactly know the functional K for Lebesgue spaces : 
Proposition 1.8 Take < pq < pi < oo. We have : 

/ pt a \ VPQ / poo \ i/pi 

K(f,t,LP°,m)~^ [f*(s)rdsj + [f*( S )} Pl d s ) , 

where h = h~k- 

From now on, we always assume that the Riemannian manifold satisfies the doubling property 
(D). 



1.4 Maximal inequalities for dual Sobolev spaces. 

First, we begin recalling the "duality-properties" of the Sobolev spaces. 

Definition 1.9 For p G [1, oo] and O an open set of M, we define W 1,p (0) as following 

W^(0) :=C™(0) IMUp(0) , with \\f\\ w ,, {0 ) ■■= II 1/1 + \Vf\\\ LP{0) - 

Then we denote W~ 1,p (O) the dual space of W 1,p {0) defined as the set of distributions f G 
V'{M) such that 

wtw l(/>5}| 
Proposition 1.10 Let p G [l,oo). Then for all open set O of M , we have 



w-^\o) - /= / n |„ w W\\i*{o) + \m\ LP > { o) 



f=4>—div{if>) 

Here we take the infimum over all the decompositions f = 4> — div(tp) on M with <f> G L p ' (O) 
and if) G V'(0,W l ) such that div{ip) G LP'{0). 

The proof is left to the reader (it is essentially written in [9], Proposition 33). 
We now introduce the following maximal operators : 

Definition 1.11 Let s > 0. According to the standard maximal "Hardy-Littlewood" operator 
M s , we define two "Sobolev versions" : 

MsM(x) := sup -^\\f\\ w _^ Q) 



and 



M S ,*Af)(x) := inf M s (M + |^|) (x). 

}=<t>-div(ip) 



The following assumption is taken from |18| : 

Assumption 1.12 Take two exponents 1 < fio < pb\ < oo. We call (H^^^) the following 
assumption : 

\w-i,n < \\M s> * >fi0 (f)\\Lfi- (-^mo.mi) 



Definition 1.13 For M a Riemannian manifold, we denote by Xm the following set 
Tm ■■= {(po,Lii) G (l,oo) 2 , no < m, ^H^^ty holds}. 



We refer to [18] for the study of these maximal operators and the previous assumption. 
Proposition 1.14 For p G [l,oo), M$, p and Ms,*, p are of "weak type (p,p)". That is 

V/ g w- 1 *, \\M s M)\\l>,«> < \\M S ,*M)\\l>.» Z WfWw-^. (4) 



Definition 1.15 We use the operator L := (I + A) defined with the positive Laplace- Beltrami 
operator. We recall that the two operators A and L are self-adjoint. 



According to ^j, we say that for p G (1, oo) we have the non-homogeneous property (nhR p ) if 



w 1 ^ < 



L^if) 



LP 



{nhRp) 



for all f G Cq°(M). This is equivalent to the LP boundedness of the local Riesz transform 
V{I + A)-^ 2 . We have the non-homogeneous reverse property knhRR p ty if 



L l l\f) 



LP 



W x >* 



(nhRR n 



for all f G Cg°(M). 



Definition 1.16 Letp,q G [l,oo). We say that the collection (T t ) t> o = (e~ <A )t>o or (T t )t>o = 
(VtVe~ tA )t>o satisfy (L p — L q ) - "off-diagonal" estimates, if there exists 7 such that for all balls 
Q of radius rQ , every function f supported in Q and all index j > 



T rh (f) 



dfj, 



\fi(2?Q) js j{q) 
We used Sj(Q) for the dyadic corona around the ball 

d(y,Q) 



Sj{Q) :=<y,Z><l + 



r Q 



< v +1 



i/p 



These "off- diagonal" estimates are closely related to "Gaffney estimates" of the semigroup. 



We now come to the main result of [18 



Theorem 1.17 Let 1 < s < r' < a. Assume that the Riemannian manifold M satisfies 
(nhRR r ) and (nhR s i). Moreover, assume that the semigroup (e~ tA )t>o satisfies [LP — L s )- 
"off- diagonal" estimates and that the collection (-v/tVe~ iA )f>o satisfies (L s —L s )- "off- diagonal" 
estimates. Then there is a constant c = c(s, r, a) such that 



V/ G W 



w 



-xy < ||M 5l * )S (/)L,/ . 



(5) 



Therefore (H^^ ) is satisfied for all exponents Ho,Hi satisfying (jlq> s and /ii 



r . 



Corollary 1.18 In the Euclidean case M = W 1 , for all /j,q, \i\ G (1, 00), the assumption (Ha ui ) 
holds. More generally, on any Riemannian manifold satisfying (D) and (Pi), {H^ o fjL1 ) holds for 
all Ho, Hi G (1) 00). 



After all these preliminaries, we now define our Hardy-Sobolev spaces via atomic decomposition. 



2 Abstract Hardy-Sobolev spaces. 

We begin this section defining "abstract atomic" Hardy-Sobolev spaces, then we study in more 
detail a particular case of these spaces. 
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2.1 New Hardy-Sobolev spaces. 



We follow ideas of [15] and propose an "atomic" definition of abstract Hardy-Sobolev spaces. 
We refer the reader to [15] for an explanation of this choice : the "atoms" are defined as the 
image of localized functions by an operator Bq, playing the role of the "oscillation operator" 
associated to a ball Q. 

Let us fix /3 e]l,oo] and take B := (Bq)q £ q a collection of W-^-bounded linear operators, 
indexed by Q the collection of all open balls Q of the manifold M. We assume that these 
operators Bq are uniformly bounded on W 1 ^ : there exists a constant < A' < oo such that 

V/ G W 1 '?, VQ ball, ||£q(/)||v^ < A'\\f\\ w . (6) 
We define the Sobolev-atoms using the collection B : 

Definition 2.1 A function m 6 Lj oc is called an atom associated to a ball Q if there exists a 
real function /q compactly supported in the ball Q such that 

m = b q(Iq), 

with 

\\f Q \\ m ,e < KQ)~ W ■ 
The functions /q in this definition are normalized in W 1 ' . It is easy to check that 

II/qII^m<i. 

Now we can define our abstract atomic Hardy-Sobolev spaces : 

Definition 2.2 A measurable function h belongs to the atomic Hardy-Sobolev space HW^ to if 
there exists a decomposition 

h = K m i A 4 — a - e i 

where for all i, m, is an atom and (Aj)j are real numbers satisfying 

| Aj| < oo. 

We equip HW^ to with the norm : 

Similarly we define our "finite" Hardy-Sobolev space HWp ato as the set of functions which admit 
finite atomic decompositions. 

Remark 2.3 We refer the reader to 1151 \14[ for details concerning the use of "finite atomic 
Hardy space" instead of the whole atomic Hardy space. The use of this last one brings technical 
problems (we do not know how to solve them) that are not important and are twisted by the use 
of the atomic Hardy space. 

Our goal is to interpolate the Hardy-Sobolev spaces with Sobolev spaces. First, we describe a 
useful criterion to prove the boundedness of an operator from the Hardy-Sobolev space HWp ato 
into L 1 . 
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Proposition 2.4 Let M be a Riemannian manifold satisfying the doubling property. Let T be a 
linear operator bounded from W 1 ^ to L? for some (3 G (l,oo) and satisfying some "off-diagonal" 
Sobolev estimates: for all ball Q and all function f compactly supported in Q 



W-'P^Q)} ( 7 ) 



with coefficients ay satisfying 



A:= sup E^^WqKoc. (8) 

Q ball ^ 2 H{Q) 
Then T is continuous from HWp ato to L . 

The proof is left to the reader, it is written in [15] and [T7] in the context of Lebesgue spaces. 
It is the same in our context of Sobolev spaces. 



2.2 The study of a particular Hardy-Sobolev space. 

In this subsection, we present in more detail the study of a particular Hardy-Sobolev space. 

In the study of Hardy spaces (see [IS] ) , we have seen that our abstract Hardy space corresponds 
to the "classical" Hardy space (the one defined by R. Coifman and G. Weiss in [21]), when we 
choose our operator Bq as the exact oscillation operator. Here we want to study the Hardy- 
Sobolev space defined with a regular version of this particular collection B. For all ball Q, let 
cpQ be a function supported in Q and satisfying 

\\4>q\\l~> <1, || \^4>q\ ^ r' 1 and J ' fadf! = fj,(Q) . 
We define our operator 

AQiJy - = {mI Q fd ") 4 ' Q 

In all this subsection, the Hardy-Sobolev spaces are constructed with this particular choice of 
operators. According to this collection, we construct our Hardy-Sobolev space HWK^ ato and 

HW F,W,ato- 

Remark 2.5 In the previous subsection, we did not study the dependence of the Hardy-Sobolev 
space with respect to the exponent /3, so we omitted it in the notation. In this subsection, we will 
study the role of f3 in a particular case (see Theorem 1 0. 1\) . That is why we put the exponent in 
the notation. 



We have to check the first assumption ([6]). Thanks to Proposition 11.61 it is easy to check that 
if a Poincare inequality (P^) is satisfied then ([6]) holds. 

Moreover, with the normalization of functions <f)Q, each atom m associated to a ball Q verifies 

/ md[i = 0. 
JQ 

From this observation, we can set a definition of particular Hardy-Sobolev spaces. 
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Definition 2.6 For ft G (l,oo] ; we say that a function m is a non-homogeneous (1, (3)-atom 
associated to a ball Q, if 

1. m is supported in the ball Q, 

2. \\m\\ w i,p < n{Q)~ W , 

3. J md[i = 0. 

We define the Hardy-Sobolev space ato as follows: f G ^^(p) ato there exists (6j)j a 

family of (1, j3)-atoms such that f = Yli^i w ^h Y2i M < 00 • We equip this space with the 
norm 

\\f\\HS} 0) t = inf El^l" 

i 

Similarly to Dehnition \2.2\ we define "finite" atomic space HSp,^ at0 . 

Prom Proposition 11,61 and the previous discussion, we have this first proposition. 

Proposition 2.7 Assume that a Poincare inequality (Pr) holds. Then the concept of (l,/3)- 
atoms exactly corresponds to the concept of atoms, defined with our operators Bq. Thus the 
different atomic Hardy-Sobolev spaces are equal: 

H ^F,(p),ato = HW F,(P),ato H ^(P),ato = HW (P),ato- 

Remark 2.8 Note that every 02 atom is an (3i atom for 1 < f3\ < fii < oo and therefore 



HSjo , . C HS} a N . with II f II rrci <ii/ii//wi 

(P 2 ),ato (Pi), ato »J UHb iP 1 ).ato ~ IU UHb (l3 2 ),ato 

Proposition 2.9 HS^ ato is a Banach space for f3 G (l,oo]. 

Proof : Consider a sequence {hk)k i n HS} R ~, f such that ]TV ||/ifc||#ci < oo. It suffices 
to prove that Ylk h-k converges in HS^ atQ . For this, for every k take the following atomic 
decomposition h h = J2i h,ih,i with £\ < |IM#s ( i ato + ^r- Tnen h = Efc Ei h,ih,i G 
Wi (absolutely convergence) with YlkYli\^ki\ < !Cfc H^lli^s 1 + X^fc w < 00 ■ Hence /i G 
HS}^ ato and the proof is complete. □ 

Proposition 2.10 For /3 G (l,oo], the finite space HS^,^ ato is dense in atQ . 

We recall here the definition of a Coifman- Weiss atom of H^ w := Hg W (M) the Hardy space of 
Coifman- Weiss (see [2T]). 



Definition 2.11 For (3 G (l,oo], we say that a function m is a /3-atom associated to a ball Q, 
if 

1. m is supported in the ball Q, 

2. \\m\\ LP < fi(Q)~^, 

3. fmdn = 0. 
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In the literature, we found definitions of classical Hardy-Sobolev spaces in the Euclidean case as 
the set of / G Hg W such that V/ G H^ w or A 1 / 2 / G Hq w . Thanks to the -ff^^ boundedness 
of the Riesz transform in W 1 , these two spaces are equal. 

We hope to have a complete picture and comparison of all these definitions of Hardy-Sobolev 
spaces on Riemannian manifolds in a forthcoming paper. 

Definition 2.12 The classical Hardy-Sobolev space HS 1 (M) is defined as (see \19^ . for the 
Euclidean case) 

HS 1 = {/ G Hh w ; V/ G Hhw} 
where V/ is the distributional gradient of f . 

Proposition 2.13 The space HS 1 is a Banach space. 

Proof : Let (f n ) n be a Cauchy sequence in HS 1 . Then (/ n ) and (V/ n ) n are Cauchy sequences 
in Hq w and therefore converge to / G Hq w and g G Hq w . Since f n — > f \i — a.e it comes 
that V/ n — )• V/ in the distributional sense. The uniqueness of the limit shows that g = V/ and 
finishes the proof. □ 

Proposition 2.14 We have HS 1 ^ ato C HS 1 C W 1 ' 1 for every (3 > 1. 

Unfortunately, it is not clear when HS 1 C HS^ ato . However for the point of view of interpo- 
lation, the study of HS 1 ^ ato implies results for HS 1 . For an exponent p G (1, oo] and 6 G (0, 1) 
if 

(HS 1 mMo ,W 1 *)^ = W 1 *° 

with — = (1 — 9) + - then we know that 

Pe v ' P 

(HS 1 ,W 1 ' p ) a =W 1 ' Ps . 
This follows from the fact that HSf p)ato C HS 1 C W 1 ' 1 and \\f\\ HS i < 2\\f\\ H & t ■ 

We know (see [21]) that the Hardy space H^ w admits an atomic decomposition and is also 
equal to the corresponding atomic Hardy space (for any exponent (3 used in the definition of 
/3-atoms). In our case the atomic Hardy-Sobolev spaces are all contained in the classical one 
HS 1 but for the moment we are not able to show if they are equal or not. We believe that 
this is not true without additional hypotheses on the geometry of the manifold. However, under 
Poincare inequality we will compare different atomic Hardy-Sobolev spaces in Theorem 10. li 

Before we prove this theorem, we need the following Lemma. 
Lemma 2.15 (see Lemma 3.9 in \21^ ) Assume that M satisfies (D). 
1. Let 

MJ(x) := sup — — / \f\dfi 

r>o n{Q{x,r)) jQ^r) 

be the centered maximal function of f . Observe that if x G Q(y,r) then Q(y,r) C Q(x,2r). 
It follows that 

M c f <Mf< CM c f 
where C only depends on the constant of the doubling property. 
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2. Let f be an L 1 function supported in Qq = Q(xo,ro). Then there is C% depending on the 
doubling constant such that 

n a = {x£ M;M(f){x) >a}c Q{x ,2r ) 

whenever a > C\ Jq u \f\dfi. 

Proof of Theorem ED] : 

The proof is inspired by that of R. Coifman and G. Weiss (|21j) for classical Hardy spaces 
on a space of homogeneous type. We prove that every (l,/3)-atom is a sum of (1, oo)-atoms. 
We use an adapted C alder on- Zygmund decomposition for Sobolev functions (proved later for 
convenience in Subsection 13. ip and proceed as their proof. However, the presence of the gradient 
create some problems. 

Since we know from [30J that Poincare inequality (P q ) self-improves in (P q - e ) for some e > 0, 
let us denote k := ll-Mg-ell^^^. 

Let a be a (l,/3) atom supported in a ball Qq. Set b = fj,(Qo)&. 

We claim that for K, a > large enough parameters and numerical constants C and N, there 
exists a collection of balls (Qj t ), ji £ for I = 0, 1, such that for every n > 1 

n-1 

b = CNKa Y,(Ka) 1 £ MQ^K + £ %, (9) 
1=0 jie fqi j„eN" 

and 

(a) aj t is an oo atom supported in Qj v I = 0, 1, ...n — 1; 

(b) U in6N « Qj n C := {x; M q {\b\ + M£_ e (|V6|)) (x) > iff}; 

(c) £ in iQ*. < N»; 

(d) supp/tj„ C Q in , fh jn dn = 0; 

(e) |^„(x)|<|6(x)|+2C"(^ri Q , n (x); 

(f) \Vh jn (x)\ < (C" + 2) [K^M™ (\Vb\)(x) + (ifa)"l Q . n (*)] ; 



( g ) (iQ Jn (l^l 9 + l v ^l 9 )^)^(^«) n - 



The constants a, if are sufficiently large and a, K, N depend only on f3, q and the doubling 
constant. We write Mg_ e for the composed operator A4 q - t o M. q - t o .... 
Let us first see how from theses properties we can write 



° = £ a i a 3 
j 

where for every j, a,- is an oo-atom. We have 



° £ M(Qi„)<C (10) 

n=0 j„GN" 

where C is independent of a. Indeed, it follows from (b), (c) and the weak type (1, 1) of M. that 

P 



£>(Q*J < CN n f,([jQ jn ) < CN n ^ n ) < Cmax(l,^)iV™ \\bf wK 



(3') 



Jn Jn 
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Therefore 

oo oo 

Y,(Ka) n KQjJ<C2^(^(h^Ka 1 -^ n \\bf w ^. 

Since ||&||^-i^ < C/x(Qo) we deduce (fTUj) with C depending on /3, q and a,K but not on a. We 
choose a >> K such that jVma ^( 1 ' K )- ft " < \ 
From (g), we have 



(\h jn \ + \Vh jn \)dfi<C^Q jn )(Kar. 
Therefore, if we note by H n = Y^j n eN n hj n we have 

f(\H n \ + \VH n \)dfi< J] U\K\ + Wh ]n \)d^ 

in 

< CliYmaxfLKW"^" 11 ^ 



We used the bounded overlap property of the (Qj„) n and the above for /J>(Qj n ). This shows that 
the first series on the right-hand side of ([9]) converges to b in W 1 ' 1 . 

It remains now to prove that these properties are valid for every n £ N*. We begin proving the 
case n = 1. Let 

Six := {a;;M(|6| 9 + \Vb\ q )(x) > {Ka) q } C Sl x . 

Lemma 12.151 shows that C 2Qo provided -fTa > C\. Moreover Sl\ is a bounded open set with 
M(^l) < ^ll^llwi.ys — Ca~^fi(Qo). This allows us to apply the Whitney covering theorem to 
fii and consider the Calderon-Zygmund decomposition of Proposition 13.11 - in section 3- for b 
with p = (3. We obtain 

b = J2 h J + 9o (11) 
with hj, go satisfying the properties of Proposition 13.11 We have 



W (\h j \ + \vh j \)d»<cY J KQj)\l- (\bf + \Vbf)dA 
j J Qj j vq, J 

< 2CN\\b\\ m ,^(Q ) 1 -^ 

< Cn(Q ). 

Consequently, the sum in (fTT|) converges in W > , J godfi = since f bdfj, = and J hjdfi = 0. 
It follows that ao = MCKaniQo) ls an °°- a tom. Thus we can write 

b = NCKan(Q )a + y~]hj. 

Properties (a) and (d) are then established in this case when n = 1. Property (c) follows from 
the Whitney covering theorem, since M satisfies (D). We have 

\h 3 (x)\<\b(x)\ + ^-l \b\dy. 

< \b(x)\ + C 4%Ka, 
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where D = logiCd an d is the doubling constant. We refer the reader to the proof of Propo- 
sition [3J] for the construction of /ij's and Xj' s - We have 



h 4 



XjiQj) 



Q., 



bXjdfi Xj, 



with XjiQj) = Jq. XjdfJ- and essentially, Xj is a smooth version of Iq^ , with |Vxj| < ?"q*- 



For V/ij we have 



We have |/| < |V6| < .Mg-^Vft). It remains to estimate II. For y G Q, , we have 



1%) 



1 



bxjdfj,\ 



-i 



:=—oo 



b Q(y,r 3 ) 



1 



k=— oo 
-1 

< > f |6- ^Q( 2/ , 2 fc+ir,)l^ + 

-1 



i 



< y ^Q(y,2 k +^)) 

^ fj,(Q(y,2 k rj)) J q^+i^) 



k=— oo 



1 



1 



/z(2Q.- 



b Xjd\x 



-i 



< 2 D Cr j X g _ e (|V6|)(y) 2 k + C2 D ^3 D Karj 

k=—oo 

If, 1 



+ 



Xj(Qj) 



2Qj 



K 2 Qj) J2Q 



\XjW 



i 

< 2 D Cr j X g _ e (|V6|)(y) + Crj ij- \Vb\ q ~ e d^ J + C Q C2 D / q Kocrj 

<C (M q . e (\Vb\)(y)+Ka) rj 

where C" = max(C 4 I? /'?, C3 D 2 I? /'?, C C2 D /«). Thus |Vfy| < (C + 2)X g _ e (|V6|) + 2C'Kal Qj . 
We choose C" = 2C" > 1, and thus (e) and (f) are proved. Similarly to (fHj) . we deduce (g) 
and finally property (b) is satisfied by the Whitney covering. The induction hypothesis is then 
satisfied for n = 1. 

We assume that it holds for n and show its validity for n + 1. Consider the set 







:= {x e + iV/^HOr) > (^a)^ +1 )} • 



Property (g) for n shows that 

Ci I {\h Jn V + \Vh jn \«)dn < dC^Kar < (Ka 

JQ.4 



(n+l)q 
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provided Ka > C* C and where C\ is the constant in Lemma 12.151 Then Lemma 12.151 asserts 
that Qj n C 2Qj n . Let now (Qj nt i) be a Whitney covering for ttj n . We have [J i Qj n ,i = % n C 0„ 
and the (Qj n ,i)i have the bounded overlap property. From (c) for n, we know that the (Qj n ) are 
iV n disjoint. Consequently, the balls {Qj n ,i) are iV n+1 disjoint and therefore we obtain (c) for 
n + 1. Pose 

hj n ,i( X ) = \ h jn{x) 



X jn {Qj n ,i) JQ jn ,i ) 
and gj n = hj n — Y2i^jn,i- The same arguments as in Proposition 13.11 show that 

\\g ]n \\w^<C(Kaf n+l \ 

Since the support of hj n is contained in Qj n C 2Qj n and ttj n C 2Qj n , we deduce that supp gj n C 
2Q Jn . For every i, J hj n> idfj, = so that (d) follows for n + 1. We also obtain ^ H^jn.illL 1 + 
II W^jnA IIl 1 < Cll^jn II w 1 - 1 as m Proposition 13.11 Therefore, the equality 



holds in W 1 ' 1 and also [i—a.e. since for each x the sum has at most N^ n+1 ^ terms and J gj n dfi = 0. 
It follows that 

Ujn = CN(Ka)n+i»(2Q jn ) 

is an oo atom with supp dj n C 2Qj n ■ We deduce that the representation (|9|) holds for n + 1 and 
also (a). Let us prove (e) and (f) for n + 1. The definition of hj nt i and (e) for n yield 



\h jn ,i(x)\ < \h Jn (x)\ + C 



f 

J Qjn.i 



h jn \ q dii 



< [\b(x)\ + 2C ^(Ka) n + C A^(Ka 

<\b(x)\+2C 4T(Ka) n+1 xl(x) 
= \b(x)\+2C'{KaT +l X ) n (x) 

as long as Ka > 2. The definition of V/tj n> , and (f) for n yield 

1 



,n+l 



IV/i 



< IV/^J + [ h 



Jn 



x) n (Qj n ,i) 



KXjJv V X } n 



< (C" + 2) [K^M^Vb]) + (Jfa)»l J l Qjnii 
+ C [M q ^hj n \) + {Ka) n+1 l Q]n } l Qjn . 

< (C" + 2) [K n - l M n q _ t {\Vb\){x) + (KaTl Q J l Qjn . 

+ C'{C" + 2) [K^M^dVbDix) + (Ka) n ] l Qjn . + C\Ka) n+1 l Q]n l Qjn . 

< (C" + 2) [K n M n +l(\Vb\)(x) + (Ka) n+1 l Qjn i ] . 

as long as K,Ka are large enough (for example we require K » AC'). Now we can prove (b). 
From (e) and (f), we deduce that for x 6 Qj n , 

(Ka)^ <M q (\h Jn \ + \Vh jn \)(x) 

< (C" + 2) [M q (b)(x) + K r ^ 1 M q Ml. e (\Vb\)(x) + 2(Ka) n ] . 
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provided Ka large enough. Thus if we take K » 4(C" + 2), we deduce that 

K n n/( n+l ) 

M q [\b\ +K n - l M^ t {\Vb\)] (x) > 

and so as K > 1 we obtain 

M q [\b\+M^ e (\Vb\)) (a,) >-?!__. 

Thus \Jj n i Qj n ,i C [jj n Uj n C f^n+i- The last point (g) for n+1 is obtained as (fT4"|) in Proposition 
13,11 The proof is therefore complete. □ 

We finish this subsection describing the homogeneous version of all these results. 

Definition 2.16 For 1 < /3 < oo ; we say that a function b is a homogeneous (1, (3)-atom 
associated to a ball Q if 

1. b is supported in the ball Q, 

2- \\b\\^,„ :=\\\Vb\\\ Lf) <n(Q)-V, 

3. Jbdfi = 0. 

Definition 2.17 For 1 < f3 < oo, we define the homogeneous atomic Hardy-Sobolev space 

HS(/3),ato as f°tt° ws: f £ HS{&),ato tf f £ ^loc an & ^here exists (ftj), a family of homogeneous 
(1, j3)-atoms such that f = Yli^ih with J2i < 00 • We equip this space with the semi-norm 

„i = inf > I Aj I . 

Hb (P),ato (A^i^ 
I 

Proposition 2.18 ato /K is a Banach space for every 1 < /3 < oo. 

Remark 2.19 Note that every homogeneous atom is an homogeneous (l,/3')- atom for 

K < (3 < oo and therefore HS {p) to C HStps ato with ||/|| ■ i < ||/|| . i 

Proposition 2.20 For 1 < (3 < oo i/ie finite subspace HSpm\ ato is dense in HS)^^. 

Definition 2.21 Let M be a Riemmanian manifold. The classical homogeneous Hardy-Sobolev 
space HS 1 {M) is defined as HS 1 = {/ G Lj oc ;Vf G F^M)} (see JSf, fig/ m t/ie Euclidean 
case). 

Proposition 2.22 H S 1 is a Banach space. 

Proposition 2.23 We have HS l ^^ ato C HS 1 for all 1 < /3 < oo. 

Proof of Theorem 10. 3t Same proof as that of Theorem 10 . 1 1 but considering the homogeneous 
version of the Calderon-Zygmund decomposition. □ 
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3 Interpolation of Hardy-Sobolev spaces. 



This section is dedicated to the study of real interpolation of Hardy-Sobolev spaces with Sobolev 
spaces. First we show how we can use the Calderon-Zygmund decomposition for Sobolev func- 
tions to obtain interpolation results for the particular Hardy-Sobolev spaces (studied in Subsec- 
tion E2]). 

Unfortunately, this method is very specific to this kind of spaces and seems not to be generalized 
for the study of other Hardy-Sobolev spaces. That is why in Subsection 13.21 we will use the 
maximal characterization and the results of Subsection 11.41 to obtain interpolation results in a 
more abstract background. 



3.1 Interpolation of particular Hardy-Sobolev spaces. 

First as done in [10] and [11], we want to prove interpolation results using an adapted "Calderon- 
Zygmund" decomposition for Sobolev functions. 

Let us describe it : 

Proposition 3.1 (Calderon-Zygmund lemma for Sobolev functions) Let M be a com- 
plete non-compact Riemannian manifold satisfying (D). Let 1 < q < oo and assume that M 
satisfies a Poincare inequality (P q ). Let q < p < oo, f £ W 1,p and a > 0. Then one can find a 
collection of balls (Qi)i, functions bi and a Lipschitz function g such that the following properties 
hold: 

/ = s + 2> ( 12 ) 

i 

\g(x)\ < Ca and \Vg(x)\ < Ca fi — a.e x £ M (13) 
supp&j C Qi, \\bi\\ HS i < Ca(i(Qi) (14) 

(q),ato 

< f (|/| + \Vf\fdn (15) 

i 

where C and N only depend on q, p and on the constants in (D) and (Pq). 



This proposition is very similar to the ones of [10} [IT]. So we do not detail the proof and just 
explain the modifications. The new and important fact, is that the functions bi (appearing in the 
decomposition) belong to the atomic Hardy-Sobolev spaces and not just to the Sobolev space 
W 1 ' 1 . 

Proof : Let / € W 1 *, a > and consider SI = {x G M : M(\f\ q + \V f\ q )(x) > a q }. If SI = 0, 
then set 

9 = / j h = for all i 

so that (fT3l) is satisfied according to the Lebesgue differentiation theorem. Otherwise, the 
maximal theorem yields 

M(n)<Ca-l(|/| + |V/|)«||| 

i 

<Ca~p[ J |/|fd M + J |V/|V) (17) 
< +oo. 
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In particular Vl ^ M as /u(M) = +00. Let F be the complement of Vt. Since Vt is an open set 
distinct of M, let (Qi) be a Whitney decomposition of O ([H]). That is, the Qi are pairwise 
disjoint, and there exist two constants Ci > C\ > 1, depending only on the metric, such that 

1. fi = UiQi with Qi = C\Qi and the balls Qi have the bounded overlap property; 

2. ri = r(Qj) = \d{xi,F) and Xj is the center of Qi] 

3. each ball Qi = C^Qi intersects F (C2 = 4Ci works). 

For x G f2, denote 4 = {i : 3; £ QJ. Recall that < N and fixing j G I x , Qi C 7Qj for all 
i G I x . 

Conditions (fTB]) and ([To]) are satisfied due to (fT7j) . Using the doubling property, we have 

/ (\f\ g + \Vf\")df,<Ca^(Qi). (18) 

Let us now define the functions bi. For this, we construct a partition of unity (xi)i be a partition 
of unity of f2 subordinated to the covering (Qi). Each Xi is a Lipschitz function supported in 
C 

Qi with || |Vxi| Hoc < — • 

n 

We set bi = (f - ^-^-y J Q .fXi)Xi where Xi(Qi) - /"(Qi) means / Q . XidfJ,- This is the main 
change, which is necessary as we look for a vanishing mean value for b^s. 

By usual arguments and Poincare inequality (P q ), we can estimate bi in the Sobolev space W 1,q : 

1 _, 
llfrillw 1 '"? — Cafi(Qi)i . Then by writing 6j = aia i bi = aicn with a, = Cafi(Qi), we deduce that 

the functions aj are (1, g)-atoms - and in fact (1, r)-atoms for every r < q- associated to the ball 

Qj. Therefore bi G HSj q ^ ato with ||&i||# 5 i ^ < «i = Ca^(Qi) and also 6 = £\ 6; G HS^ ato 



(q) ,ato 

with ||6|| ff>s .i < afi(£l). Thus (fT4|) is proved. Set g = f — > Since the sum is locally 

(q),ato < ^ 



finite on 0, as usually g is defined almost everywhere on M and g = f on F. Moreover, g is a 
locally integrable function on M. It remains to prove (|13h . We have 



i 

= V/ - Xi )V/ - £(/ - wTTT / /**)V» 

Y i Xi(Qi) Jq, 

= l F (Vf) - £(/ - — ^- / / Xi dM)V Xi . 

From the definition of F and the Lebesgue differentiation theorem, we have + |V/|) < 

a /i— a.e. We claim that a similar estimate holds for 

h = J2(f / fXidfA VXt, 

that is |/i(x)| < Ca for all x G M. For this, note first that /i vanishes on F and the sum defining 
h is locally finite on $7. Then fix x G Q, and j G I^. Note that Xi( x ) = 1 an d Vx«(x) = 0, 



so 



M*) = E 



K 7 Qj) ho* ) \Xi(Qi) 



Vxi(x). 
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For all i, j G I x , by the construction of the Whitney collection, the ball Qi and Qj have equivalent 
radius and Qi C 7Qj. Thus 



1 



XiiQi 



fXidfJ. 



Q, 



fdfj, 



7Q< 



< 



ml f ~f fdfl 

.Hi) JQ Z J7Qj 



\Xi\dfi 



< 



< 



fdfj, 



7Qj 
J7Q< 



dfi 

1/9 



ar,- 



We used (D), (P q ), Xi(Qi) - KQi) and GHD for 7Qj. Hence 

l%)l £ ^ ar i r j l < CNa - 



(19) 



(20) 



Then the end of the proof is classical and is exactly the same as that of the decompositions 
proved in [10J, [TTj . We do not repeat it. □ 

According to |10t lllj. we know how to obtain interpolation results from an adapted "Calderon- 
Zygmund decomposition". We quickly recall them (for an easy reference) in order to obtain a 
real interpolation result between the Hardy-Sobolev spaces HSi q \ ato and Sobolev spaces. 

First we characterize the isT-functional of real interpolation in the following theorem: 

Proposition 3.2 Let M be a complete Riemannian manifold satisfying the doubling condition 
(D) and Poincare inequality (P q ) for some q G (l,oo). Then 

1. for all r G (1, oo), there exists C\ > such that for every f G HS}, ato + W 1,co and t > 0, 

Kif^Hsfo^w 1 ' 00 ) > d* (|/p* + |v/n (<); 



2. for 1 < q < p < oo, there exists C2 > such that for every f G W ,p and t > 0, 

K{f,t,Hs\ rlato ,w x n < c 2 t (i/r* + iv/r") (t). 

We have the same results replacing the space HS^ ato by HS 1 . 

Proof : We only write the proof for the space atQ . We have already seen (Theorem 10. ip 

that under our assumption HS^ ato = HS^ ato for r G [9,00]. We just have to prove our 
result for r G (l,<z]. The lower bound of K is trivial. It follows from the characterization of K 
between L 1 and L°° . Now for the upper bound of K of point 2., take / G W 1,p and q < p < 00. 
Let t > 0. We consider the C alder on- Zygmund decomposition of Proposition 13.11 for / with 

a = a (t) = (M(\f\ q + \Vf\ q ))*« (t). We write / = + g = b + g where g satisfy the 
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properties of the proposition. From the bounded overlap property of the B^s, it follows that for 
all r < q 

\\b\\ HS x <nJ2\MhsK t 

(r),ato ' (r),ato 

i 

<Ca r (t)Y,KQi) 

i 

< Ca r (t)n(fl). 

Moreover, since (Mf)* ~ /** and (/ + g)** < /** + g** (c.f [II], [13]) , we get 

«(*) < (\frkt) + \vfrkt)). 

Noting that for this choice of a(t), /x(fit) < t (c.f [12], [13]), we deduce that 
K{f,t,HS{ r>t0 ,W x >°°)< WHhs}, t +t\\g\\w^ 

<t(\frkt) + \vfrkt)) (21) 

for all t > and obtain the desired inequality for / 6 W 1,p , q < p < oo. □ 
Then integrating the iT-functional yields 

Proposition 3.3 Let M be a complete Riemannian manifold satisfying (D) and (P q ), for some 
1 < q < oo. Then for all r £ (l,oo] and p G (q, oo), W 1,p is a real interpolation space between 
HSh^ ato and W 1 ' 00 . More precisely, we have 



We refer the reader to the previously cited papers for a detained proof. We also have an anal- 
ogous interpolation result for the Hardy-Sobolev space HS 1 instead of HSj r ^ atQ . Note that 

HS \r)ato^ HSl and 11/11^ < WWhS}, t ■ 

Proof of Theorem 10. 2t The proof follows from Proposition 13.31 and the Reiteration The- 
orem (see |12j . Theorem 2.4). □ 

All these results are based on the well adapted "Calderon-Zygmund decomposition". The first 
one (described in [2] by P. Auscher) was written for homogeneous Sobolev spaces. We can write 
an analog result of Proposition 13.11 for homogeneous Sobolev spaces. Then we estimate the 
functional K (as in [10]) and obtain the homogeneous interpolation Theorem 10.41 

Proof of Theorem 10. 4t Analogous proof to that of Theorem 10.21 and 13.31 □ 

We used a "Calderon-Zygmund" decomposition to obtain an interpolation result for the par- 
ticular Hardy-Sobolev spaces. These arguments give positive interpolation results under the 
assumptions of doubling property and Poincare inequality. Unfortunately, this method seems 
not to work for abstract and more general Hardy-Sobolev spaces: the way to make appear the 
"atoms" is very particular. That is why, in the next subsection, we develop other arguments 
to obtain interpolation results with abstract Hardy-Sobolev spaces. We will use our maximal 
characterization of Sobolev spaces (Subsection II. 4h and ideas of [15j . 
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3.2 Interpolation of abstract Hardy-Sobolev spaces. 



We refer the reader to Subsection 12,11 for the definition of abstract Hardy-Sobolev spaces asso- 
ciated to a collection of "local operators" B. 

To prove our results, we will follow ideas of [15] and [T7] using duality and some maximal 
operators associated to the collection B. Let us first define them. 

Definition 3.4 Let a G (l,oo]. We set Aq = Id — Bq and 

1 



v'r - M. M B)CT (/)(x) := sup — — 7 \\A* Q (f)\ 

Qball fl{Q) L ' a 



W-^{Q) 



(22) 



We define a sharp maximal function adapted to our operators. For s > 0, 

V* £ M, M«,(/) W :=sup-J ?7: || B 5(/) L _ 1 ,. TO) . 

We refer the reader to Definition 11.131 for the notation Xm and Subsection 11.41 for the definition 



of some maximal operators and the assumption {Ha ,u\ ) 
We can now prove Theorem 



Remark 3.5 We want to emphasize that we only require the use of the 'finite Hardy-Sobolev" 
space HWp ato . With our new maximal operators, the assumption (|7J) can be written as 



a < M S , 



(23) 



Proof of Theorem 10. 5t Prom the HW Fato — L 1 boundedness, it is quite easy to check that 
for each ball Q, the operator TBq is bounded from W 1, "{Q) into L 1 with 

\\TB Q \\ m , HQ) ^ L1 < ^(Q) 1 ^' . 

By duality, we deduce that BqT* is bounded from L°° to W~ 1 ^ with 

\\BqT*\\-~ ... 1 < n(O) 1 /! 3 ' 

Thus, we obtain the first inequality 



V/ G 



< 



Now using (|23j) . we obtain 



M^ p < M 3>0 , + M M>0 , < M s ,f}> 



<M s ^p,<M s ^ Q . 



Then ()25[) with Proposition I1.14| yields the following "weak type inequality" 



< 



L p o>' 



T *f\\ w -hp' ^ 



Interpolating (j24j) and (12611 gives 

Vq G (p' , oo), V/ G L p o fl L q , M^T* f) 



Li 



< c 



L p 0- 



Li- 



(24) 



(25) 



(26) 



(27) 
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Now we use a "good lambdas" argument to compare the maximal operators. We use a Sobolev- 
version of the result of P. Auscher and J.M. Marten: [7J, Theorem 3.1. With its notation, take 
a function F. We define for all balls Q 

G Q = BqF and H Q = A* Q F 

The assumption ([23]) shows that 

KQ)~ 1/o \\Hq\\ w -^ < MnAF) < M 8 ,*,p>{F). (28) 
By definition of ^ , we have 

KQ)~ W \\G Q \\ W -^ < M^iF). (29) 

From these two inequalities, we claim that the following good lambda inequality holds (for K 
large enough and 7 as small as we want) 

fM ({M W (F) > KX, Ml i$ ,(F) < 7 A}) < (K-° + ^'K-^fi {{M S ^,(F) > A}) . (30) 

We postpone the proof of this claim to Lemma 13.61 As usually this inequality is satisfied for all 
A > if n(X) = 00 and only for A > HMg^/ (_F)||£i if the measure is finite. 
Assuming this fact, we will conclude the proof. By classical arguments (see proof of Theorem 
3.1 in f7j) we deduce that for p G (c/,/3) if Ms,* 8>(F) G M' 00 then 



\\M s ^,(F)\\ Lq < \\Ml pi {F)\\ Lq + \\M S ^,(F)\\ L1 1^ X) 



<oo 



for all q G (p' , a) with an implicit constant depending on q. Now we take a function h G L p oDL q . 
Denoting F = T*(/i), we have F G W~ l ' p 'o. Proposition 11.141 shows that Ms^'{F) belongs to 
L p 0'°° . Thus we can apply the previous inequality which together with (|27[) yield 



\\M s ^{T*h)\\ Lq < \\Ml pl (T*h)\\ Lq + \\M s ^{T*h)\\ L , 
<\\h\\ Lq + \\M s ^{T*h)\\ L xl Kx)<o:> . 

If the space X is of finite measure, using the W 1,po — L po boundedness of T and Proposition 
11.141 we remark that 



\\M s ,*, p <(T*h)\\ Ll < \\M s ^,(T*h)\\ Lplo < [|T*(fc)|| iyo < Hfell^ < \\h 



Li- 



This inequality with the fact (f3',q) G Im ~ since q' G (cr',po) -, shows that 

VAei'nP, \\T*h\\ w -i,,<\\h\\ L *. 

By duality, we deduce that there is a constant c = c(p) such that 

V/e^n^, \\T(f)\\ Lq <c\\f\\ wl!q ,. (31) 

Consequently, inequality (j3Tj) holds for all q G (p' , a) , and therefore T admits a continuous 
extension from W 1,p to L p for all p G (a',po). □ 



It remains to prove ([30]) . 

Lemma 3.6 £/je notations of the previous proof, we have the following good lambda in- 

equality. For all A > (or only for A > \\Ms,*,/3'(F)\\ L i if the measure is finite) 

H ({M W ,(F) > KX, M« )/3 ,(F) < 7 A}) < (K-° + -fK-P)n {{M S ^,{F) > A}) . 
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Proof : The proof is exactly the same as that of Theorem 3.1 in [TJ, adapted to our maximal 
operators. We deal only with the case when f/,(X) = oo. We consider the sets 

Bx ■= {Ms,*A F ) > KX > M* tfj ,(F) < 7A} 

and 

E X :={M S ^,(F)>\}. 

First since K > 1, we have B\ C E\. We choose (Qj)j a Whitney decomposition of E\ and 
write Xj for a point in 4Qj n E\. Let j such that B\ f]Qj ^ and x 6 I? a H Qj. We have 

M W (F)(*) := r _£^ sup || M + |«| iS , w) > A'A. (32) 

Let F = ipo — div(ijji) and Qezt be an extremize decomposition and ball of (|32|) . Assume first 
that Qext satisfies Q ex t n (8Qj) c ^ 0. Since Xj G 4Q ea: i and 



1 



in L,, x SU P ..^M/fl' + l^illljy'(Q) - M s,*,i3'(F)(x j ) < A, 



we deduce that 

Therefore, for a large enough constant K, the doubling property of the measure shows that the 
assumption Q ex t H (8Qj) c ^ is false. We deduce that Q ex t C 8Qj and therefore 

M w ,(F)(,) = ^mf^ i) sup ^^IIN + NII^^^A. 
Write F = B^q.F + A* 8Qj F. It follows that 

KB, n Qi) <» | < F=(j>o—div(<f>i) S£ M^ 7 111001 + - KV2 



The first term is controlled by the "weak type (f3',/3') n of the maximal operator Mg*w (local 
version of Proposition II . 14[) : 



1 B> 

< - II R* Pll^' 

£ J^tKQj)- ( 33 ) 
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For the last inequality, we used the fact that B\ n Qj 7^ 0. For the second term, we use similar 
arguments with < a 



inf SU P t~P\\ 1 m lll^ol + l^illljg'foi - KX/2 

A* F=<t>o-div(4>i) Qbaii ^{QYIP ^ '"LP (Q) 



< J^\\Ms,*,*At Qj F\\i^ 

< - II A* Pll°" 



The above assumption (|23p shows that 



ll^8Qj^ 1 |lH / - 1 .°'(8Q :) ) ~ f^iQj) ij^f Mj$ tl j(F) a < fj>(Qj) inf Ms^ t /3'(F) cr 
< AV(Q,). 

We used in the last inequality that Xj 6 8Qj and Mg^^i{F){xj) < A. Thus, we proved an 
analogous inequality of (f33j) for the second term. We deduce that 



Summing over j, the proof is therefore complete. □ 
In the next proposition, we give a useful criterion to insure the main assumption (|23p : 

Proposition 3.7 Assume that the operators Aq satisfy 

Vj " ° M2 J +W//3 I|74q(/)II ^ m (^W)) - a]iQ \(Q)i/-' m w^'{Q) > 
/or all functions f supported in the ball Q, where the coefficients otj{Q) satisfy 

gup £M(2£^ (g)<Qo< (34) 



T/ien t/ie maximal operator Mb CT *s bounded by Mg , 



Proof : Let x G M. For a ball Q, we denote Sj(Q) = 2 j Q \ 2 j ~ 1 Q. We estimate the Sobolev- 
norm by duality 



a (f){x) = sup sup KQr 1/a I A* Q {f)gd^ 

Q;xGQ 96Cg°(Q) J 

sup sup n{QT 1/a I fA Q (g)dfj,. 



Q;x£Q 9 6C°°(Q) 

llffll 1 ;<1 

Take a decomposition f = <po — div(ipo). Then we have 

M B , ff (/)(x) < sup sup n(Q)- 1/a V f [0 o Aq( 3 )+VoV^q(5)]^ 



< sup fi(Q) 1/(7 sup WIM + l^olll^' (s ( Q) ) IIA 
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Our assumption yields 



/ ^ u(2i +1 Q) 1/IS 
AM/Xz) < sup /u(Q)- 1 ^ Yl IH^I + 1^11 W (Q) ) 

< sup E iiifti + i^iii^ (2 i Q) M(y +1 Q)~ w «i(Q) M( ^ q) 

< AW(ltol + |Vo|)(x) sup V aj (Q) M(2 ^ lQ) 

<Mhl,^(I^oI + IV'oI)(x). 

These inequalities hold for every decomposition f = (f> — div(ip). Taking the infimum over all 
these decompositions, we obtain the desired inequality. □ 

With an extra assumption (as in [IT]), we obtain the real interpolation result of Theorem 10.61 : 
Proof of Theorem 10. 61 The proof is the same as the one of Theorem 3.14 in [17J using the 
arguments of Theorem 10.51 We omit it. □ 

Let us compare our assumption ((3' ,p' e ) E Im with Poincare inequality : 

Remark 3.8 Assume that f3' < p' e (else (f3' ,p' g ) E Im is always satisfied, see [18]) and pg < 2. 
Thanks to Theorem \1.17[ we can check that the assumption (f3',p' e ) E Im is implied by the 
Poincare inequality (P pg ) if /3' > 2, which corresponds to a variant of the assumption done in 
flOf ( in the author used local hypotheses of doubling and Poincare, here we are under the 
global hypotheses) to interpolate the corresponding non-homogeneous Sobolev spaces. 



4 Applications 

4.1 Operators with regularity assumptions about the kernel. 

In this subsection, we look for a "Sobolev" version of results for Calderon-Zygmund operators 
on Lebesgue spaces. 

Definition 4.1 Let T be a linear operator bounded from W l,po (resp. W 1 '? ) to LP . We 
say that it is associated to a kernel K(x, y) if for every compactly supported function f and 
x E supp(f) c we have the integral representation : 

T{f)(x)= I K(x,y)f(y)d f i(y). 



We introduce the following regularity property for such kernel : 

T := sup sup rQ I \K(x, y) — K(x, z)\ dfi(x) < oo. (35) 

Q ball y,z£Q J M\4Q 

This subsection is devoted to the study of operators T associated to a kernel satisfying ([35]) . We 
first prove a weak type estimate . 

Proposition 4.2 Let M be a complete Riemannian manifold satisfying (D) and admitting a 
Poincare inequality (Pi). Let T be a linear operator which is bounded from W ' 2 (resp. W 1 ' 2 ) 
to L? and is associated to a kernel satisfying i35\) . 
Then T is bounded from W ' (resp. W 1,1 ) to L 1,0 °. 
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Proof : We give the proof in the homogeneous case, it is the same in the non-homogeneous 
case. Let / 6 VF 1 ' 1 . We want to show that 

n({xeM;\Tf(x)\>a})<hvf\\ L i. 

a 

Take the C alder on- Zygmund decomposition - homogeneous version of Proposition 13. II - of / for 
a > 0. We have 

Tf = Tg + T(Y / b i ) 

i 

and {\Tf \ > a} C {\Tg\ > § } U{I T (E*^)I > §}• Since T is bounded from W^ 2 to L 2 then 

^ ({ |T51 > f }) - h L |T5 ' 2 ^ ~ ^i^ii^^^iiv/iu- 

For \TQ2i h)\ = | Ei^| < TO we have 

^({mEMi>f})<M({E™>f}) 

<MU4gi) + /i^{(M\Ui4Qi);Z)l T6 «l > f>) • 

From (D) and the homogeneous analog of (US]) of Proposition EU we have //(Ui4Qj) < §||V/||i. 
It remains to estimate fi(A) = n({(M\ Uj 4Qj); J]- |T&;| > §}). We have 

Then 

< - / V |^i|lM\4Qirfj" = - X) / |T6 4 |d^. 
Let j/i £ such that j/i) exists. Noting that J" = 0, it comes that 



/ \Tbi\(x)dfi(x) = / K(x,y)bi(y)d(i(y) 

J M\4Qi J M\AQi JQi 



M\4Qi 



dfi(x) 



(K(x,y) - K(x,yi))bi(y)dfi(y) 



dfj,(x) 



\Jm\aq, J 



< 



< 



— [ \k{y)\dn(y) sup n f \K(x,y)-K 

r i JQi V,Vi£Qi JM\4Qi 



(x,yi)\d(i(x) 



an(Qi). 



Summing over i and using the homogeneous analogous property of (I15p . the proof is therefore 
complete. □ 

To obtain this weak type estimate, we have to assume a strong Poincare inequality (Pi). The 
result of Theorem 10.71 is also interesting: we are able to obtain a strong type estimate using 
Hardy-Sobolev spaces (instead of the Sobolev space VT 1 ' 1 ), and requiring a weaker Poincare 
inequality in the non-homogeneous case. 
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Proof of Theorem 10. 7t We begin showing that in both case item 1. (resp. 2.), there exists a 
constant C, such that for all 2-homogeneous atom a (resp. non- homogenous atom), 

||Ta|| L i < C. (36) 

We give the proof in the homogeneous case, it works the same in the non-homogeneous case. 
Indeed, noting Q = Q(xQ,r) the ball associated to the (1,2) homogeneous atom a, we have 

/ \Ta\dfi < C\\T\\ Wia ^ L2 \\a\\ Wl , 2 ^{Q)^ < C\\T\\ Wh2 ^ L2 . 
J 4Q 

On M\4Q, we use the integral representation. The fact that J adjj, = yields 



\Ta\dfi < 
M\4Q ' Jm\aq 



M\4Q 



K(x,y)a(y)dfi(y) 



Q 



d[x(x) 



(K(x,y) - K(x,xo))a(y)dfi(y) 



Q 



dfi(x) 



< I \K(x,y) - K(x,x Q )\\a(y)\dfi(y)dn(x) 

IM\AQ . 



\ a (y)\ / \K{x,y) - K{x,x )\d/j,(x) dfi(y) 
\Jm\aq J 



a-a Q \[ / \K(x,y) - K(x,x )\dfi(x) ) d[i{y) 
Q \JM\4Q J 

< Crfi(Q)(l \Va\ 2 d^- 

Jq r 

< C. 

We used Poincare inequality (P2), (f35|) and the definition of a (1,2) atom. 
Now we conclude the proof of item 1. 

Thanks to Proposition T is bounded from W 1 ' 1 to L 1 ' 00 . Take / G HS\ 2) ato : f = Xfo 



4 

'(2),ato 

with for each i, b{ is a (1,2) homogeneous atom and with YaLi 1-^*1 ~ 11/11 h? 1 ■ Since 

»(2),ofo ^ YY ' > we juiuw uiau JN = i^ i= i AjUj t n £> F> ( 2 ),ato 
Proposition 14.21 Tfjy converges to Tf in L 1,co . 



HS( 2 ).ato ^ W 1 ' 1 , we know that /jv = Si=i ^» e ^^F(2) ato converges to / in W' 1 ' 1 . Thus by 



On the other hand, T/w converges to Y^=i ^i^bi in W ' and therefore Tf = Ya^Li ^i^h and 
\\Tfh<C\\f\\ 



It remains to complete the proof of item 2. For this, we invoke the following lemma which 
finishes the proof. It is a Sobolev version of a result in [32], that was generalized in |17] , □ 

Lemma 4.3 Assume that (P2) holds. Let T be a bounded linear operator from W 1,2 to L? with 
a constant C such that for all (1,2) atom f G HS F ^ 2 ) a to> we have 

\\T(f)\\ L r<C. 

Then T extends continuously from HSh\ ato into L 1 . 

Remark 4.4 The proof uses the embedding HS^ ato ► L l , which does not hold for the homo- 
geneous space HS/ 2 ),ato- Actually, we do not know if such a result is true or not for homogeneous 
Hardy- Sobolev spaces, without using (as it is well-known) a weak-type inequality from W 1,1 to 
L 1 ' 00 which requires the Poincare inequality (P\) as we saw in item 1. 
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Proof : As HSp,^, ato is dense in HSj 2 ^ ato , we know that there exists an operator U bounded 
from HS^ ato into L 1 such that for each atom m: U(m) = Tim). We have to prove that 

VfeW^nHSf^, [/(/) = T(f). 

To prove this fact, we use duality. Let Q be a ball and 4>q be a smooth function supported in 
Q verifying 

Then for all smooth function k supported in Q, with ||A;||^i,2 < yu(Q) _1//2 , the function h := 
k— (Jq k)4>Q is a (1, 2)-atom associated to the ball Q (due to Poincare inequality and Proposition 
OP . Let g G L°° n L 2 . We have 

(T(h),g) = (U(h),g). 

We deduce that 

(h,T*g) = (h,U*g). 

Hence 

fc, [T* 5 - ET 5 ] - (j<f> Q [T*g - U*g\ dfi) 1 Q \ = 0. 
We set A for the function A := [T*g — U*g]. We have 



= 0. 



Thus A (as distribution) is constant on the ball Q. This fact is proved for every ball Q. We 
conclude that A (which is independent with respect to the ball) is constant over the whole 
manifold M. 



The non- homogeneous Hardy-Sobolev space HS} 2 \ ato is embedded into L 1 . Then by L 1 — L°° 
duality, for all functions h G HS^ ato we have 

(h,\) = 0. 

In particular for / G W ' 2 Pi HS^ ato , we get 

</, A) = =^, 2 (f,T*g) w . h2 - H sl 2)ato (f> U *9)(HSt 2hato r 
=L? (T(f),g) L 2 - L i (U(f),g) L ~. 

This is true for all functions g G L°° n L 2 . We deduce that T(/) = £/"(/) in (L°° n L 2 )* and 
therefore T(f)(x) = U(f)(x) for almost every x G M. □ 

Proof of Corollary 10.9b The proof follows from the interpolation results in Theorem 10.21 and 
Theorem 10.41 and the self-improvement of Poincare inequality of Theorem 11.51 □ 

The result in item 2. of Corollary 10.91 can also be recovered by suitably choosing the operators 
Bq of the abstract Hardy-Sobolev spaces (defined in Subsection 12. ip . 

Definition 4.5 For each ball Q of M , we define our operator Bq as : 

B Q (f) : =/-(/ f d p) 0Q> 



where (f)Q is a smooth function supported in Q such that 

1 

KQ) 
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With f3 = 2, we define our Hardy-Sobolev space HWk) ato - 

We check the desired assumptions. Thanks to the Proposition [L6j it is clear that under Poincare 
inequality (P2) the operators Aq are uniformly bounded on W 1,2 . 

Then by similar arguments as that in the proof of Theorem 10.71 under {P2) the above operator 
T admits a continuous extension from HWL\ ato to L . Moreover, for q G (1,2) the inequality 
(Pq) implies that the maximal operator M^ q i is bounded by M.2 (using Proposition 13.71) . Using 
Theorem 10.51 we recover item 2. of Corollary 10.91 



4.2 Application: (RR P ). 

Let M be a complete Riemannian manifold satisfying (D). Consider the linear operator A 
with the following resolution 



where c = it 2. Here A2/ can be defined for / G Lip as a measurable function (see [1]). 
Since A2I = 0, A 2 can be defined on LipPiVF 1 ' 9 by taking quotient which we keep calling A2. 
Applying Theorem 10.71 we obtain the following theorem for A2. 

Theorem 4.6 1- Let M be a complete Riemannian manifold satisfying (D) and (Pi). Then 
A2 is bounded from HS^ ato to L l for any r > 1. 
Consequently, A 2 is bounded from W 1,p to L p for any p G (1,2]. 

2-Let M be a complete Riemannian manifold satisfying (D) and (P q ) for some q G [1,2). Then 
(I + A) 2 is bounded from ato to L 1 for any r > q if q 7^ 1 (resp. r > 1 if q = 1). 

Consequently, (I + A) 2 is bounded from W 1 '? to L p for any p 6 [q, 2]. 

Remark 4.7 We refer the reader to JSl^F f or ^ e study of inequality (RR P ) for p G (1, 2] (which 
corresponds to the boundedness of A? from W l,p to LP) under Poincare inequality. The new 
point here is the limit case (RRi). 

Proof : We prove item 1. of this theorem. We proceed analogously for the proof of item 2. Let 
us check that A2 satisfies the hypotheses of Theorem 10.71 First A2 is bounded from W\ to I? . 
The kernel of A2 is J °° dtPt(x, y)-%- Under our hypotheses, the partial derivative of the heat 
kernel dtpt verifies 

\d tPt (x, y )\ < - ? ^ 

for every x, y G M and t > (see [23], Theorem 4 and [27], Corollary 3.3). Let Q a ball of 
radius r > and y, z G Q. We therefore have 



/ / 

Jm\aq Jo 



dt 

dt(pt(x,y) -p t {x,z))—dt 



dfj,(x) 



f f°° dt 
< / \dt(pt(x,y)-pt(x,z))\—~dtdn(x) 

Jm\4QJ0 V* 

f f 00 1 d 2 (x,y) dt 

<C / -^e^^ 1 ^dtdn{x) 

Jm\aqJo t/jL{Q(y,Vt)) yt 

f r°° 1 d 2 (*,z) dt 

+ C / —^e^^^^dtdfiix). 

Jm\4qJo tfi(Q(z,Vt)) vt 
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(cfi (x y) \ 
fo° t l ,{Q(y,vt)) e ~ a ~ [L ~ Tt) d ^ x )- Since y G Q and x G M \ 4 Q 

then d(x, y) > 3r. It follows that 

/*°° C Z' f a^vl , , A dt 

I < / —7—7 7=rr / _ e~ a ^^dn{x) -= 

JO tn{Q(y,y/t)) \J{x;d(x,y)>V9^} J V* 



9r 

K C r°° e~ a T 
~ r J ty/i 

r 



In the second estimate, we used that f c i( xy ) > ^t e 7 s dfi(x) < C 1 fi(Q(y, yfs))e 7 = ([22]. 

(^2 (^2:) \ 
Jo°° ^(Q(t iV ^)) e ~"^^ j| ) ^ T- Tak " 

ing the supremum over all y,z G Q, all balls Q and applying Theorem 10.71 we obtain that T 
is bounded from HS r ato to L 1 for r > 1. Finally the boundedness of T from ' p to L p for 
1 < p < 2 follows from Corollary 10,91 □ 



References 

[1] L. Ambrosio, M. Miranda Jr, and D. Pallara, Special functions of bounded variation in 
doubling metric measure spaces, Calculus of variations : topics from the mathematical 
heritage of E. De Giorgi, Quad. Mat., Dept. Math, Seconda Univ. Napoli, Caserta 14 
(2004), 1-45. 

[2] P. Auscher, On LP estimates for square roots of second order elliptic operators on MP, Publ. 
Mat. 48 (2004), 159-186. 

[3] P. Auscher, On necessary and sufficient conditions for LP estimates of Riesz transforms 
associated to elliptic operators on MP and related estimates, Memoirs of Amer. Math. Soc. 
186 (2007), no. 871. 

[4] P. Auscher and T. Coulhon, Riesz transform on manifolds and Poincare inequalities, Ann. 
Sc. Nor. Sup. Pisa 5 (2005), no. 3, 531-555. 

[5] P. Auscher, T. Coulhon, X.T. Duong, and S. Hofmann, Riesz transform on manifolds and 
heat kernel regularity, Ann. Sci. Ecole Norm. Sup. 37 (2004), 911-957. 

[6] P. Auscher, S. Hofmann, M. Lacey, A. Mcintosh, and Ph. Tchamitchian, The solution of 
the Kato square root problem for second order elliptic operators on M n , Ann. Math. 156 
(2002), no. 2, 633-654. 

[7] P. Auscher and J.M. Martell, Weighted norm inequalities, off-diagonal estimates and elliptic 
operators. Part I : General operator theory and weights, Adv. in Math. 212 (2007), 225-276. 

[8] P. Auscher, E. Russ, and A. Mcintosh, Hardy spaces of differential forms on riemannian 
manifolds, J. Geom. Anal. 18 (2008), no. 1, 192-248. 



32 



[9] P. Auscher, E. Russ, and Ph. Tchamitchian, Hardy- sobolev spaces on strongly lipschitz 
domains ofR n , J. Func. Anal. 218 (2005), 54-109. 



[10 
[11 

[12 
[13 
[14 

[15 

[is; 

[17 
[18 
[19 
[20 
[21 
[22 
[23 
[24 
[25 
[26 
[27 
[28 
[29 



N. Badr, Real interpolation of sobolev spaces, Math. Scand. 105 (2009), 235-264. 

N. Badr, Real interpolation of sobolev spaces associated to a weight, Pot. Anal. 31 2009, 
no.4, 345-374. 

C. Bennett and R. Sharpley, Interpolation of operators, Academic Press, 1988. 

J. Bergh and J. Lofstrom, Interpolations spaces, An introduction, Springer (Berlin), 1976. 

F. Bernicot, Use of Hardy spaces and interpolation, C.R. Acad. Sci. Paris 346 (2008), 
no. 13-14, 745-748. 

F. Bernicot and J. Zhao, New abstract Hardy spaces, J. Funct. Anal. 255 (2008), no. 7, 
1761-1796. 

F. Bernicot and J. Zhao, On maximal L p -regularity, J. Funct. Anal. 256 (2009), 2561-2586. 
F. Bernicot, Use of abstract Hardy spaces, real interpolation and applications to bilinear 



operators, Math. Z. (2010) , available at http://fr.arxiv.org/abs/0809.4110 



F. Bernicot, Maximal inequalities for dual sobolev spaces W ,p and applications to inter- 
polation, Math. Res. Letters 16 (2009), no. 5, 763-778. 

Y-K. Cho and J. Kim, Atomic decomposition on Hardy-Sobolev spaces, Studia Math. 177 
(2006), no. 1, 25-42. 

R. Coifman and G. Weiss, Analyse harmonique sur certains espaces homogenes, Lecture 
notes in Math. 242 (1971). 

R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Amer. 
Math. Soc. 83 (1977), 569-645. 

T. Coulhon and X.T. Duong, Riesz transforms for 1 < p < 2, Trans. Amer. Math. Soc. 351 
(1999), no. 2, 1151-1169. 

E. B. Davies, Non-Gaussian aspects of heat kernel behavior, J. London Math. Soc. 55 (1997), 
no. 1, 105-125. 

X.T. Duong and L. Yan, Duality of Hardy and BMO spaces associated with operators with 
heat kernel bounds., Journ. Amer. Math. Soc. 18 (2005), no. 4, 943-973. 

J. Dziubahski, Atomic decomposition of H p spaces associated with some Schrodinger oper- 
ators., Indiana Univ. Math. J. 47 (1998), 75-98. 

C. Fefferman and E.M. Stein, H p spaces of several variables, Acta Math. 129 (1997), 137- 
193. 

A. Grigor'yan, Gaussian upper bounds for the heat kernel on arbitrary manifolds, J. Diff. 
Geom. 45 (1997), 33-52. 

P. Hajlasz and P. Koskela, Sobolev met Poincare, Mem. Amer. Math. Soc. 145 (2000), 
no. 688, 1-101. 

S. Hofmann and S. Mayboroda, Hardy and BMO spaces associated to divergence form 
elliptic operators, Math. Ann. (2009). 

33 



[30] S. Keith and X. Zhong, The Poincare inequality is an open ended condition, Ann. of Math. 
167 (2008), no. 2, 575-599. 

[31] P. Koskela and E. Saksman, Pointwise characterizations of Hardy- Sobolev functions, Math. 
Res. Lett. 15 (2008), 727-744. 

[32] S. Meda, P. Sjogren, and M. Vallarino, On the H 1 — L 1 boundedness of operators, , Proc. 
Amer. Math. Soc. 136 (2008), 2921-2931. 

[33] A. Miyachi, Hardy-Sobolev spaces and maximal functions, J. Math. Soc. Japan 42 (1990), 
73-90. 

[34] E. Russ, H 1 — L 1 boundedness of Riesz transforms on Riemannian manifolds and on graphs, 
Pot. Anal. 14 (2001), 301-330. 

[35] L. Saloff-Coste, Aspects of Sobolev type inequalities, Cambridge Univ., 2001. 

[36] R. Strichartz, BP Sobolev spaces, Colloq. Math. LX/LXI (1990), 129-139. 



34 



